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1. INTRODUCTION 
1.1 Background Information 
The solution of complex initial or boundary value 
problems by the classical approach of the theory of elasticity 
invariably involves analyt difficulties. These can some-
times be resolved using classical methods of numerical inte-
gration. However; when a problem involves nonlinearity and 
irregularities in geometry or boundary conditions; these nu-
merical methods may also encounter considerable difficulties. 
Ang(l)* proposed a computational approach formulated on the 
basis of mathematically consistent lumped-parameter models 
which yields a system of equations that are physically mean-
ingful with respect to the model) are equivalent to the cen-
tral finite difference equations for the continuum) and are 
directly adaptable to high speed digital calculations. This 
approach was applied to a variety of problems(2-4) in which 
the stress and strain tensors and the associated displacement 
vectors are described in orthogonal curvilinear or rectangular 
Cartesian coordinate systems. A section of this discrete mod-
el is shown in Fig. 1 for a plane rectangular Cartesian coor~ 
dinate system. 
*Numbers in parentheses refer to entries in the List 
of References. 
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The basic discrete element of AngYs model shown in 
Fig. 1 consists of interrelated lumped elements denoted as 
mass points and stress points. Considering a unit thickness 
for plane problems) the total mass of a solid media is concen-
trated at the "mass points. 1I Each mass point contains the 
mass of the solid corresponding to the elemental volume 
~(~X)(6y). For example) mass point (i)j) of Fig. 1 represents 
the mass contained by the square between stress points 
within the medium are defined only at the mass points. A 
"stress point rY is the point of definition of the average 
stress and strain tensors that exist within the elemental vo 
1 
ume 2(~X)(6Y) shown shaded in Fig. 1. The deformability or 
resistance of the medium is defined only at the discrete 
stress points. Since these points represent the points of 
definition of the average stress and strain tensors acting 
throughout a specific elemental volume) some technique for 
arriving at an averaged or effective element area is neces-
sary9 This effective area is assumed to be the total area 
of the element averaged over its length in the direction nor-
mal to the area under consideration; for example) the effec-
tive area normal to rr (i)j-l) is: 
x 
( 1. 1) 
The concept of effective areas is essential in converting the 
state of stress at a stress point to forces acting on the 
neighboring mass points. 
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The application of this model to an elastic medium as 
presented in Ref. (1) deserves a review here since the tech-
niques to be employed in this investigation are analogous. 
Figure 2 shows the forces acting on mass point (i,j) of 
Fig. 1. At stress point (i,j-l) the force F represents the 
x 
force produced on mass point (i,j) by the shearing stress ~ 
xy 
and the force F represents the force produced by the normal y 
stress a. At stress point (i+l,j) the force F represents y x 
the force produced on mass point (i,j) by the normal stress a 
x 
and the force F represents the force produced by the shearing y 
stress ~ 
xy Therefore, to generate the displacement equations 
of equilibrium at mass point (i,j) it is necessary to compute 
the state of stress existing at each of the four adjacent 
stress points, to convert these stresses into forces, to ex-
press these forces in terms of displacements of the mass 
points, and to generate the displacement equations of equilib-
rium by summing these forces in the x and y directions at each 
mass point. This process can best be explained by performing 
the above steps for one stress point. 
The strain tensor at stress point (i,j-l) can be writ-
ten directly from the geometry of Fig. 1 as 
y (i,j-l) 
xy 
E (i,j-l) 
. x 
u(i+l,j-l) - u(i-l,j-l) 
6x 
u(i,j) - u(i,j-2) 
6y + 
E (i,j-l) y 
v ( i, j) - v ( i, j -2 ) 
6y 
( 1.2 ) 
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where all terms are defined on Fig. 1. Texts on elasticity 
theory give the relation between stress and strain as 
a-
x 
L 
xy 
a-
L y 
Cl 
o 
C2 
o 
C3 
o 
C2 
o 
Cl 
E 
X 
E 
Y 
where Cl, C2, and C3 are elastic constants. (5) F at stress y 
point (i,j-1) is a function of a- of Eq. 1.3 and recalling y 
that 6x = 6y and making use of Eqs. 1.1, 1.2, and 1.3 
F 
Y 
A a-y y 
6x 
~y 
~iC2[U(i+1,j-1) - u(i-1,j-1)] 
+ C 1 [ v ( i, j) - v ( i , j -2 ) ] l ( 1. 4) 
Similarly, Fx at stress point (i,j-l) is a function of Lxy and 
F 
x 
A L Y xy 
6x 
~2 xy 
F x ¥ f [u ( i, j) - u ( i, j -2 ) ] + [v ( i + 1 , j -1) - v ( i-I, j -1) ] l 
( 1.5) 
Expressions similar to Eqs. 1.4 and 1.5 can be derived to rep-
resent the values of Fx and Fy at the remaining three stress 
points adjacent to mass point (i,j). Once all the values for 
Fx and Fy at a specific mass point have been expressed as in 
Eqs. 1.4 and 1.5, the displacement equations of equilibrium at 
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that mass point can be generated by surmning these forces in 
the x and y directions respectively (including any load 
that is applied at this mass point externally). There are 
2n equations generated for a system of n mass points and the 
only unknown values 
disp lacemen t. 
these equations are the 2n values of 
The coeffic the displacement equations 
equilibrium generated as described above can be considered 
analogous to the flfree Yl stiffness rna generated matrix 
methods of structural analysis. That is to say, the equations 
have not been subjected to a system of constraints (boundary 
conditions). Therefore, prior to solving the 2n equations 
is necessary to insure that the appropriate boundary conditions 
are imposed on each of the 2n equations. For example, mass 
point (i-2,j-2) of Fig. 1 may be fixed against movement in 
the x-direction and the appropriate boundary displacement 
constraint is to modify the equation in the x-direc at 
that mass point such that upon solution u(i-2,j-2) wi be 
zero. Stress boundary conditions can be imposed in a s 
lar manner. 
The mode 1 and applica as described above forms 
the foundation upon which a complete generalized discrete 
model for plane problems so can be deve 
Various numerical techniques have been proposed to handle spe-
cific solid media problems and some of the earliest investiga-
tions were conducted by Southwe (6,7) Southwe investigated 
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several examples of bars in tension under plane stress and plane 
strain by hand relaxation of the Airy stress function. Neu-
ber(8) employed Southwell's techniques and generated many tables 
and graphs which relate the geometry of notched bars under ten-
sion to the associated stress concentration factors. South-
we and Neuber both neglected to investigate strain compatib 
ity for the inelastic case which casts a doubt on the va ty 
of solutions. (9) The majority of the studies involving 
stress concentrations and plastic flow notched bars since 
Neuber's work have been conducted using photoelastic tech-
niques.(lO-12) The difficulties in measuring the strains in 
regions of high stress concentration have caused some ques 
as to the accuracy of photoelastic techniques when applied to 
notched bar problems. Ewing(13) employed the stress function 
approach to determine upper bound solutions' to a variety 
of notched bar problems e A brief review of the literature 
available on the development of stresses and plastic flow in 
notched bars shows that a numerical technique which can be ap-
plied to any notched bar regardless of its geometric configura-
tion would. be extremely useful.' The model described above and 
generalized to non-Cartesian coordinate systems in this study is 
offered as such a numerical technique. 
1.2 Object and Scope 
The object of this investigation is to develop a gen-
eralized discrete model for the systematic formulation of 
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plane problems of solid media and an associated numerical pro-
cedure for determining the displacements and corresponding 
states of stress and strain of inelastic media. The investi-
gation is limited to an elastic perfectly-plastic media which 
is subjected to a continuously increasing quasi-static load. 
The model presented in Sect. 1.1 is to be expanded to 
permit the use of non-Cartesian coordinate reference. This 
expansion will permit the solution of plane problems of in-
elastic media regardless of the geometry of a solid medium) 
including the presence of cavities or irregularities in the 
medium. The procedure itself requires replacing a continu-
um with an infinite number of degrees of freedom by a discrete 
system with a finite number of degrees of freedom. The numer-
ical procedure is to generate and solve the displacement equa-
tions of equilibrium that exist at each discrete mass point in 
the system. 
An algorithm and associated computer program for high-
speed processing of the resulting relationships is presented. 
The techniques developed are applied to four notched bar prob-
lems to evaluate the adequacy of the proposed model and to 
study the development of stress and plastic flow in these 
bars. 
1.3 Notation 
The following notation has been adopted for use in 
this thesis: 
x.,y 
6x.,6x 
6z 
A 
A-
xy 
A- A-
x" Y 
B., B l ., B2 
CB~ 
E 
E 
E 
X 
E 
Y 
E 
Z 
e 
e 
x 
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rectangular cartesian coordinate system 
non-orthogonal coordinate system 
distance between mass points along x or 
x axis 
distance between mass points along y or 
y axis 
distance between mass points along z axis 
constant 1 --~x6y sin (~-a) 
total area of elemental quadrilateral 
averaged area in the x or y axis direction 
matrix of geometric coefficients 
a correction vector 
Young!s modulus., matrix relating stress to 
strain 
strain tensor 
normal x-component of E 
normal y-component of E 
normal z-component of E 
twice shear strain component of 
plane 
twice shear strain component of 
plane 
twice shear strain component of 
plane 
total strain tensor 
spherical strain tensor 
deviator strain tensor 
E 
E 
E 
cubical strain., mean normal strain 
normal x-component of ED 
in x-y 
in x-z 
in y-z 
e y 
e 
z 
E l , E2 , E3 
e l ,e2 ,e3 
. . . 
e e y 
x' y' xy 
. . . 
E E Y 
x' y' xy 
EP1, ... ,EP6 
F F-
x' x 
F F-y' Y 
G 
k 
K 
Kll,K12,K2l,IS2 
kll -' k12 ' k2 1 -' k22 
kll-' k12 ' k2 l' k22 
a 
(j 
(j a-
x' x 
a cr-y' y 
(j 
z 
'T 'T-
xy-, xy 
9 
normal y-component of ED 
normal z-component of ED 
principal normal strains 
principal normal components of ED 
strain rates of ex' e y -, and Yxy 
strain rates 
elements of matrix E 
force at mass points along x and x axis 
force at mass points along y and y axis 
shear modulus 
invariants of the stress tensor 
uncorrected invariant of the deviatoric 
stress tensor 
yield limit in simple shear 
bulk modulus, stiffness matrix 
elements of K 
elements of Kll 
elements of K12 
x and y components of the applied external 
load 
stress tensor in orthogonal coordinate 
system 
stress tensor in non-orthogonal coordinate 
system 
normal x or x component of a or a 
normal y or y component of a or a 
normal z component of IT 
shear stress component of IT or a in x-y or 
x-y plane 
T 
XZ 
s 
s 
x 
s y 
s 
z 
°1-' °2 -' 0 3 
sl-,s2-,s3 
u-,v 
w 
a 
6 
6 .• 
~J 
~2 
p 
v 
10 
shear stress component of 0 in x-z 
shear stress component of (J in y-z 
total stress tensor 
spherical stress tensor 
deviator stress tensor 
mean normal stress 
normal x-component of SD 
normal y-component of SD 
normal z-component of SD 
principal normal stresses 
principal normal components of SD 
stress rates 
corrected deviatoric stress vector 
plane 
plane 
uncorrected deviatoric stress vector 
displacements of mass point in x and 
y directions 
rate of work of deviatoric stresses 
angle between x and x axis 
angle between y and x axis 
constant = ~2 /2k2 
Kronecker delta 
error in J 2 y 
/ Lame T s coefficient 
mass density 
Poisson's ratio 
2. CONSTITUTIVE RELATIONS FOR ELASTIC-
PERFECTLY-PLASTIC MEDIA 
The constitutive relations required for the study of 
an elastic-perfectly plastic media have been developed and 
documented by others.(9,14) This chapter presents a brief re-
view of these relations and some. general comments on the theo-
ry and its limitations. Each section of this chapter will 
contain references to works where complete documentation and 
discussion of the relations may be obtained. This material is 
included herein to provide the continuity essential to a com-
plete development of a generalized model for the study of 
plane problems of solid media. 
2.1 Underlying Assumptions 
The constitutive relations of the theory of plasticity 
may be considered in three stages: 
(1) stress-strain relations for the elastic region, 
(2) yield criterion to define the initiation of 
yielding, 
(3) stress-strain relations for the plastic region. 
The main assumptions underlying the application of the theory 
to the elastic-perfectly plastic media used in this study are 
described in detail elsewhere. (2,14) They can be stated as 
follows: 
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(1) the material is isotropic, 
(2) there is no work hardening and the material fol-
lows the stress-strain diagram of Fig. 3 when 
subjected to simple tension or compression, 
(3) time effects are neglected, 
(4) the small deformation theory of elasticity 
applies, 
(5) the Von Mises yield condition accurately deter-
mines the initiation of yielding, 
(6) there is no volume change during plastic flow, 
(7) the Prandtl-Reuss flow rule applies during plas-
tic flow. 
2.2 Definitions and Notations 
The following notations are used throughout this 
study. 
a- 'T 
X xy 'T xz 
Total Stress Tensor ST 'T a- 'T 
xy y yz 
'T 
'Tyz xz a-z 
(2 .1) 
S 0 0 
Spherical Stress Tensor o S 0 
o 0 S 
(2 .2) 
13 
S 'f 
X xy 
Deviator Stress Tensor SD 'f S 
xy Y 
'f 'f xz yz 
where 
s mean normal stress ( a +a +a ) /-:s x y z .... 
s 
x 
s y 
s 
z 
normal x-component of SD 
normal y-component of SD 
normal z-component of SD 
Therefore, by definition: 
s + s + s 
x y z a + 0"" + a - 3s x y z 
a - s 
x 
a - s y 
a - s 
z 
o 
'f 
xz 
'f yz 
S 
z 
(2.3) 
(2.4) 
(2.6) 
Principal normal stresses are aI' 0""2' 0""3 and principal normal 
components of the stress deviator are 
- s 
a - s 2 
a: - s 3 
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A similar notation exists for strains. 
Total Strain Tensor 
Spherical Strain Tensor 
Deviator Strain Tensor 
where 
E 
X 
1 
2")lxz 
e 
x 
e 
o 
o 
1 
2Ixy 
E 
Y 
1 
2Yyz 
o 
e 
o 
1 
2"Yxy 
e y 
e mean normal strain (E +E +E ) /3 
x y z 
e 
x 
e y 
e 
z 
D 
normal x-component of E 
normal y-component of ED, 
D normal z-component of E 
E - e 
x 
E - e y 
E - e 
z 
1 
2Ixz 
1 
2")lyz 
o 
o 
e 
1 
2Yxz 
1 
2")lyz 
e 
z 
(2 . 10) 
(2 .11) 
15 
Therefore) by definition: 
(2 . 12 ) 
e + e + e = E + E + E - 3e 
x y z x y z 
(2 . 13) 
Principal normal strains are El ) E2 ) E3 and the principal nor-
mal components of the strain deviator are 
2.3 Elastic Stress-Strain Law 
E - e 2 
E - e 3 
(2 . 14 ) 
The stress rate and strain rate tensors can be ob-
tained by taking load derivatives of the corresponding stress 
and strain tensors. In the elastic range stresses and strains 
are linearly related according to Hooke's law; such relation-
ships can be obtained from any text on elasticity theory. Ex-
pressed in rate form) and simplified for plane stress and 
plane strain conditions) these relations ,are:(2)5)15)16) 
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For Plane Stress (0- T L = 0) Z XZ yz 
E 
+ 
Ev (j 
( 1- y2 ) 
E ( 1_y2 ) x x 
For Plane Strain (E = y = y = 0) 
z xz yz 
T 
xy 
E y 
(2.15) 
(2 . 16) 
where E and v are Young's modulus and Poisson's ratio J respec-
tivelYJ and 
0-
X 
ocr 
x 
~ 
. 
0-
Y 
. 
E 
Y 
00-
crcfJ 
OE 
icfJ 
in which q is the applied external load. 
. O~~y T 
xy 
,Yxy O~~y 
(2.17) 
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2.4 Yield Criterion 
The Von Mises yield criterion is presented in this 
section and then reduced to cases for plane stress and plane 
strain conditions. 
Hookets law is considered to be valid in the elastic 
range and as a resu the first occurrence of plastic strain 
can be written as a function of stresses alone. 
o (2 . 18 ) 
The function f is an invariant of the stress tensor since the 
material is assumed isotropic and yield must be independent of 
coordinate designation. Further, has been observed that 
hydrostatic pressures do not produce appreciable plastic de-
formation in metals(9) so f can be restricted to an invariant 
of the deviatoric stress tensor. In terms of sl' s2' and s3' 
.the principal components of the deviatoric stress tensor, the 
independent stress invariants using Prager's notation are( ) 
J l sl + s2 + s3 
J 2 = 
l( s2+s2+s2) = 1( s2 +s2 +s2 ) + '1"2 + '1"2 + '1"2 2 1 2 3 ·2 x Y z xy xz yz 
(2 . 19 ) 
J 3 = 
1 (s3+s3+s 3) 3 1 2 3, 
and from the above relations 
o (2.20) 
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The yield criterion used in this study is that of Von Mises 
and is expressed as 
o (2.21) 
where k is the yield limit in simple shear. This yield cri-
terion shall be used throughout without further comments on 
the assumptions involved. (14) Note, however, that J 3 does not 
appear in the yield criterion. 
Equations 2.19 and 2.21 can be simplified for problems 
of plane stress and plane strain. (2,16) 
For Plane Stress 
(2 . 2la) 
For Plane Strain 
(
a - (J )2 x y 
2 + o 
(2 . 2lb) 
When Eq. 2.2la or 2.2lb is satisfied, yielding of the material 
corrunences. 
2.5 Plastic Stress-Strain Law 
The general relations describing the Prandtl-Reuss 
flow rule in the plastic region are developed in the refer-
ences (9) and (14). In references (2) and (16}, these 
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relationships are specialized for plane stress and plane 
strain conditions with the following results: 
For Plane Stress 
Cl[(4k2 ;"'rf- + 4~-'T2 )E + (-a 'I +2Q.(O'. -O'.)'I )~ 
x 3K xy x x xy 3R y x xy Ixy 
+ (2 k2 - (j 0- - 4G'I2 ) E ] 
x y 31< xy y 
'Ixy 
t 2 • 2G· "" s )) y + 'I (-(J + 3'iuV( cr -a )) E ] xy xy y ~ x y y 
Cr C 1 [ ( 2 k2 - a (J - 4G'I2 ) E + (-a 'I + 2 (1.( a y x y 3K xy x Y xy 3K x 
For Plane Strain 
. 
a 
x 
'I 
xy 
- a ) 'I ) ~ + (4 k2 - rl- + 34GK;:'I2 ) E ] y xy Ixy Y .xy Y 
(2 .22 ) 
~ X Y • G'I ~o- -0- ~~ 7 2 Yxy 
+ 
~Xy(~x;~Y)lEx + [G(l-~)lYXy 
+ [~Xy(crx; cry) J Ey 
where 
0-
Y 
-2G+3K 
3 
Cl 
+ 
G 
K 
20 
(2.23) 
E 
(2 .24) 
E 
3( 1-2 v) 
G (2.25) 
Equations 2.22 or 2.23 are valid in the plastic range provided 
that 
(2.26) 
. 
w > 0 
where w, a positive scalar defined by Eq. 2.27, may be inter-
preted as the rate of work of the deviatoric stresses in dis-
torting the material . 
. 
w s e + s e + s e + T Y + TXZYXZ + T Y X X Y Y z z xy xy "yz yz 
(2.27) 
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2.6 An Incremental Form of the Constitutive Relations 
Equations 2.15 or 2.16 can be used to express the re-
lation between the stress rate and the strain rate symbolical-
ly as follows: 
(2.28) 
In general, where q is the applied load, 
a cr( x', y , Z , q ) 
(2.29) 
E E(X,y,Z,q) 
and 
da ~adx + ~ad +. ~adz + ~crd x y y z q q 
(2 .30) 
dE ~ ~ ~ + ~ ~~dx + 3;dy + ~z dq--q 
At a fixed point in space dx dy dz o. Therefore, 
symbolically, 
dcr ~crd q q o-dq; dE ~ dq-q Edq 
For a finite increment load, 6q, the resulting incremental 
changes in stresses and strains become 
a 6q 
x 
6T T 6q 
xy xy 
22 
6E 
X 
6 Yxy 
E 6q 
x 
. 6 Yxy q 
(2 .32 ) 
60-
Y 
Substituting Eg. 2.32 
cremental form of the 
Cry.L\q 6E E 6q 
Y Y 
into Eg. 2.28 leads to the 
constitutive relations. 
EPl 
EP2 
EP3 
EP2 
EP4 
EP5 
EP3 
EP5 
EP6 
6E 
X 
desired in-
The elements of the matrix in Eg. 2.33 are obtained directly 
by substituting Eq. 2.32 into Eqs. 2.15, 2.16, 2.22 and 2.23. 
These elements can be summarized as follows: 
Elastic Case 
Plane Stress Plane Strain 
EP1 E EPl = ( l+v ( 1-2 v) 
EP2 o EP2 o 
EP3 Ev EP3 Ev 
( 1+ v ) ( 1-2 v ) 
EP4 E EP4 2 ( l+v) 
E 
2 ( l+v) 
EP5 = 0 
EP6 E (1-v 2) 
Plastic Case 
P Stress 
EPI 
EP2 = Cl[-cr T + __ 2G(cr -cr)T ] 
X xy 3K y x xy 
EP3 
EP5 = Cl[-cr T + 2G(cr -cr)T ] 
y xy 3K x y xy 
EP6 = Cl[4k2 - cr2 + 4GT 2 ] Y 3K xy 
23 
EP5 0 
EP6 E(l-v) (l+v) (1-2v) 
(2 .34) 
EP2 =l -G:~l ~X;oY)J 
EP3 =[--2~3K + :2 ~OX ~041 
EP5 =[G:?~OX-;Y)J 
EP6 =[4G;3K - :2 ~OX~Ol)2J 
where Cl is defined by Eq. 2.25 and all other terms have been 
defined. It should be emphasized that the total stresses ap-
pearingin Eq. 2.35 are the stresses existing at a specific 
point prior to the application of a new load increment. 
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2.7 Yield Surface Correction 
In deriving Eq. 2.33 and the appropriate coefficients 
for Eq. 2.35 it was tacitly assumed that J 2 = O. However, 
Fig. 4 shows that a finite incremental stress vector can not 
remain on the yield surface; i.e., the stress rate vector lies 
within the tangent plane to the yield surface. The computed 
state of stress must be modified to conform to the assumption 
of perfect plasticity. This can· be accomplished(16) as shown 
in Fig. 4 by adding a correction vector to the new state of 
stress after each load increment to determine the correspond-
ing state of stress which is on the yield surface. 
In Fig. 4, the yield surface is defined with reference 
to synnnetric functions of the principal components of the 
stress deviation. Thus: 
(1' uncorrected deviatoric stress tensor 
= corrected deviatoric stress tensor 
~ --€/I> --II> ~ CB = correction vector such that at = rr - CB 
1 
J 2 = the 2nd invariant of the deviatoric stresses com-puted from the corrected stresses 
At point C, from Eq. 2.19 
(2 .36 ) 
and 
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where ~2 is the error in J~. The vector CB~is taken normal to 
the yield surface from aT and has the same unit vector as the 
gradient of J 2 
---+ 
CB (2.38) 
where 
s 
(2.39) 
By defini tion J C? = V J 2 (see Eq. 2.39). Therefore J Eg. 2.38 
can be rewritten as 
(2.40) 
and by definition and Eg. 2.40 
a c )0-+ 
J2k2 
(2 . 41) 
1 
Since J 2 and J 2 are quadra tic func t ions of a Y and a 
(2 . 42 ) 
Substituting Egs. 2.36 and 2.37 into Eg. 2.42 yields 
C (2.43) 
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The negative sign in the radical of Eq. 2.43 is obviously the 
2 
correct one. The value'; is small and to first order approx-
k 
imations Eq. 2.41 can now be written as 
(2 . 45) 
From Eq. 2.45, the corrected components of the stress tensor 
are. 
f 
a 
x 
1 + 5 
! 
(J y 
1 + 5 
(2. 46) 
Note that this correction is actually to be applied to the to-
tal stresses existing after each increment of load at every 
stress point which is plastic. 
3. THE GENERALIZED MODEL 
A mathematically consistent lumped-parameter model 
which was developed by Ang and applied to a variety of prob-
lems by Ang and others was discussed in Chapter 1. Thus far, 
this model has been developed and applied only to problems 
which can be described with curvilinear or rectangular Carte-
sian coordinate systems. This restriction severely limits the 
applicability of the model. The purpose of this chapter is to 
describe the development of a generalized lumped-parameter 
model for plane media to extend the applicability of the ap-
proach to more general geometry through the use of irregular 
grids. All relationships are expressed in incremental form to 
conform with the requirements of the constitutive relations 
developed in Chapter 2. 
3.1 Details of the Model 
The basic building blocks of the generalized model and 
their interrelationships are similar to those for the orthogon-
al model described by Ang. (1) Figure 5 shows the discrete mod-
el in non-Cartesian reference and the geometry of a typical ba-
sic generalized discrete element which is composed of its 
stress point 0 and its associated mass points 1,2,3, and 4. 
The mass of the solid media is lumped at the mass points. 
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Displacements are defined only at the mass points and the 
stress and associated strain tensors are defined only at the 
stress points. The new notations introduced on Fig. 5 which 
sha be used throughout this chapter are 
x,y rectangular Cartesian coordinates of the global 
reference 
x,y non-orthogonal coordinates of the local 
reference 
u component of displacement of mass point along 
x-axis 
v component of displacement of a mass point along 
y-axis 
a angle between axis x and x 
~ = angle between axis y and x 
6X distance along x between adjacent mass points 
6y distance along y between adjacent mass points 
It should be emphasized that a stress point is defined by the 
four neighboring mass points. However, the number of stress 
points surrounding a mass point is not fixed. 
3.2 Strain-Displacement Relations 
Certain basic relations can be derived purely from the 
model shown in Fig. 5. Referring to Figo 5 and the notations 
of Sect. 3.1, the local and global reference systems transform 
as follows: 
cos 
(3.1) 
sin 
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Inversion of Eq. 3.1 yields, 
-cos 
:J [:] cos 
According to the small displacement theory of elasticity, the 
relationship between strains and displacements is as follows: 
Yxy 
Using Eq. 3.2 
E 
X 
E 
Y 
= 
E 
X 
au 
dx 
@+~ = 
oy OX 
€ 
Y 
av 
dy 
au ox + au £y 
~- dx ~- ox 
uX uy 
Eq. 3.3 yields the following: 
sin f3 o -sin a 
-cos f3 sin f3 cos a 
1 
o -cos f3 o 
o 
-sin a 
cos a 
au 
ox 
av 
ox 
au 
ay 
av 
ay 
(3.4) 
The partial derivatives of the displacements in Eq. 3.4 can be 
considered as the change in global displacements per unit 
length in the local directions. Referring to Figo 5, these 
are 
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OU u l - u :2 OV vI - v :2 
ox 6.x ox 6.x 
(3.5) 
OU u2 - u4 OV v2 - v4 
oy 6.y oy 6.y 
Using Eq. 3.5 in Eq. 3.4) the relation between the incremental 
strain at a stress point and the incremental displacements of 
the neighboring mass points is given by Eq. 3.6. 
r
6U1 
, 6.v l 
6.E 
l6.u2 
1 
x 
6x B2J 6.v2 6.Yxy 1 ~- -6.x B -6.y Bl = 2A 6.y Bl 2 l6.u3 6.E 
L y 
l6V3 6.u4 
6.v4 
(3.6) 
where: 
A I--~x6.y sin ( f3-a) (3.7) 
sin f3 0 I sin a 0 
Bl -cos f3 sin f3 ; B2 -cos a sin a 
0 -cos f3 L 0 -cos a 
(3.8 ) 
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Symbolically) Eg. 3.6 may be written as) 
[ DE \ 
\ 
I [B ] DU ~ (3.9) l J 2A J 
3.3 Relation between Cartesian and Non-Cartesian Stress 
The relation between the stress (~) expressed in the 
Cartesian reference and the same stress (~) expressed in the 
non-Cartesian system can be derived from considerations of the 
strain energy density function. For simplicity) an elastic 
plane strain problem is considered: 
dV V dxdy 
o 
where V is the work done in straining the media and 
1 
-( a E + T 'Y +0' E ) 2 x X xy/xy Y Y 
(3. lOa) 
(3. lOb) 
is the strain energy density. (5) Since Vo is the strain ener-
gy per unit of volume (or strain energy density) it is invari-
ant under a coordinate transformation. Therefore) with respect 
to the non-Cartesian coordinates shown in Fig. 5) dV can be 
written directly as: 
dV 
Therefore) 
= 
I 2. (~ ) (O'-E-1-T-y---+a-E-) Sln -a x x xy xy y y 
(3.l0c ) 
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where the term sin (~-a) accounts for the fact that x and y 
are not orthogonal. Equating the two expressions for Vo 
(Eqs. 3.l0b and 3.l0c) yields 
[0" 
X 'Txy cr] y E X 
1 
sin (~-a) 
[cr-
x 'T-xy CT-] E-Y x 
Yxy 
E-
Y 
(3.10d) 
The transformation of the strain 'tens,or is given( 17) by 
e pr (3.10e) 
Equation 3.l0e can be expanded; for example, 
= + 2 e12 + 
(3.l0f) 
where the values of the partial derivatives are obtained from 
Eq. 3.2; therefore, Eq. 3.l0f can be written as 
ell 
. 2 ~ - 2sin sin ~ e12 + sin
2 e22 ] s~n ell a a s 
(3. 109) 
similarly, 
1 2~ - sin (~+a) - 1. 2a e22 ] e 12 = -2" s e + e l2 - 2"s~n s 
2 1 [cos2 ~ ell ~ 2cos a cos ~ e 12 + cos2 a e22 ] sin (~-a) 
(3.10h) 
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Substituting Eqs. 3.l0g and 3.10h into Eq. 3.l0d and recalling 
- 1 1 ~ 
tha tell = E·x ' e 12 = 21 xy' e22 = E y' ell = EX' e 12 = 2l'xy' and 
e22 = Ey yields the desired transformation of the stress vec-
tor the two coordinate systems. 
in incremental form as follows: 
60-
x 
6T-
xy 
60-y 
1 
sin ((3-0.) 
3.4 
• 2 A Sl.n I-' 
-sin a s 
. 2 
Sl.n a 
(3 
-s 
s 
-sin 
s relation is expressed 
2(3 cos2 (3 6(5 
x 
((3+0.) -cos a cos (3 6T 
xy 
20. 2 6cr cos a y 
(3.l0i) 
Stresses 
It is pointed out Chapter 1 that the stresses act 
ing at a specific stress po are a measure average 
stresses acting throughout the elemental volume material 
defined by. the stress point. The effective areas over which 
these stresses act are the average areas over the length of a 
stress point. The corresponding forces, therefore, can be 
computed on this basis. The same scheme appears to be valid 
also for the generalized plane model described herein the 
average areas are taken in the non-orthogonal system, which 
are Yf sIan tareas. II For instance, the forces along (5- and T--
x xy 
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in stress point 0 that are acting on mass point 1 (see Fig. 5) 
are 6F- and 6F- ,respectively. The total area of the ele-
Xl Yl 
mental quadrilateral shown in Fig. 3-1 is 
(3.11) 
In the direction Xo the average effective length is 
6X sin (~ ... a) 
o 0 ( 3. 12 ) 
so that the average (slant) area over which a- and T-- act is 
x xy 
Similarly, the average area over which a- and T-- act is y yx 
(3.14) 
Therefore, the forces acting on mass point 1 from stress 
point 0 are 
[
6FX] 
6F-
Y 1 
The forces, of course, transform as the coordinates; 
therefore, 
cos ~j '[6Fxj 
~ 6F-
o y 1 
sin 
Substituting Eqs. 3.15 and 3.l0i into Eq. 3.16 yields, 
(3. 16) 
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[:::t lin ~ -cos f3 0 ~o 60'" x l6y 0- sin f3 -cos 6'1" - 0 xy 2 
60-
Y 0 
(3.17) 
The forces acting on the remaining mass points of Fig. 5 are 
to be determined in a similar manner; thus) as shown in 
Fig. 2) 
and 
3.5 Force-Displacement Relationships 
The relationship between the forces acting at a mass 
point and the displacements of the mass point may now be de-
termined. Consider first the stress point 0 and mass point 1 
of Fig. 5) and observe that the matrix of sines and cosines 
T in Eg. 3.17 is Bl ) where Bl is defined by Eg. 3.8. Eg. 3.17 
can be restated) therefore) as 
36 
[:::11 1 - ]T ~Yo[Bl 
0 
and on using Eq. 2.34 
6.CJ 
x 
6.1" 
xy 
6.(j 
Y 
6.E 
X 
0 
Equation 3.6 or 3.9 can be used in Eq. 3.21 to yield J 
therefore J 
6.y T 6Ul 
4Ao [B l ] [E]O [B]O 6. o 0 vI 
6.u2 
6.v2 
6.U3 
6.V3 
6.u4 
6.v4 
(3.20) 
Equation 3.22 can be simplified by performing the indicated 
matrix multiplication; thus J 
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[::::l 
in which a, ~, 6x
o 
and 6yo are as defined on Fig. 5 and 
where, 
6u1 
6v1 
6~ 
6v2 
6u3 
6v3 
6u4 
6v4 
(3.2 4a) 
in which, 
kll (EP1)sin2~ - (EP2)sin~cos~ - (EP2)sin~cos~ + (EP4)cos2~ 
k12 = (EP2)sin2~ - (EP4)sin~cos~ - (EP3)sin~cos~ + (EP5)cos2~ 
~ 1 . (EP2) sin2~ - (EP3) sin~cos~ - (EP4) sin~cos~ + (EP5 )cos2~ 
~2 =(EP4)sin2~ - (EP5)sin~cos~ -(EP5)sin~cos~ + (EP6)cos2~ 
(3,,24b) 
and 
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in which, 
kll = (EPl)sinasin~ - (EP2)sinacos~ 
- (EP2)cosasin~ + (EP4)cosacos~ 
= (EP2)sinasin~ - (EP4)sinacos~ 
- (EP3)cosasin~ + (EP5)cosacos~ 
k2l (EP2)sinasin~ "" (.EP3)sinacos~ 
- (EP4)cosasin~ + (EP5)cosacos~ 
= (EP4)sinasin~ - (EP5)sinacos~ 
- (EP5)cosasin~ + (EP6)cosacos~ 
(3.2 5b) 
The forces acting on mass point 3 of Fig. 5 are defined by Eq. 
3.18. The remaining forces at stress point 0 are similarly 
determined. Collectively, the results can be presented as 
follows: 
t6.F 
xl 
t6.F 
YI 
t6.F 
x2 
t6.F 
Y2 I 
t6.F 4Ao 
x3 
t6.F 
Y3 
-- --
t6.F 
x4 
t6.F 
I Y4 
L 
or 
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-6xt6.yKI2 -t6.Y~KIl t6.xt6.yKI2 
I I 
1 I 
- -1-- - - - - - - -1- - - - - - - - T - - - - --
I I 
1 I -2 
6xt6.yIS I : -6x IS2 
j 
- - - - - - - - - - - - - - - - - - - - - - - .- - - - -- - --
I 
I --
I -6xt6.yKI2 
I 
, I 
-------------------------------
J t6.F l I j , [K] J t6.u l l J 
t6.u I 
t6.v l 
t6.u2 
t6.v2 
t6.u3 
t6.V3 
t6.u4 
t6.v4 
0 
where ~l and ~2 are obtained with Eqs. 3.23a, 3.24, and 3.25 
using a, ~, t6.x , and t6.y referred to the direction incident on 
o 0 
mass point 2. Clearly, in this form [K] is the stiffness ma-
trix of an "element" made up of a stress point and the associ-
ated mass points. 
3.6 Displacement Equations of Equilibrium 
Equation 3.23a completely describes the forces acting 
on the four mass points associated with any stress point. The 
forces existing at the ith mass point may then be summed as 
indicated in Eq. 3.26. 
N 
where N is the 
i and 6q and 6q are 
x y 
at the ith mass 
lye 3.26 
media. 
It is assumed 
are 
N 
Eq. 3.27, neces 
conditions to 
point on the 
i boundary mass 
the Du. 
1. 
point are zero. 
va 
[:::1 j 
stress 
ten 
3. 
. 3. 
f A .. l 1 uu f j 
to 
6U 
a so 
technique .is to set coeffic 
one and to set a 0 
zero. s 
i 
s inc 
direc 
a 
3 
J 1 
l J i 
3.27 is 
me 
placement boundary Stress 
handled.in a s manner. 
placement equations of 
appropriate boundary c 
3.27 
and when 
a 
(3.26) 
on mass point 
externa 
respec 
screte mass point 
s 
(3.27 ) 
te 
a mass 
so t 
mass 
1 to 
1 to 
are 
dis-
the 
equations 
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required to compute the incremental changes in displacements 
for each incremental change load. 
From the disp incremental s are 
computed 3.6 stresses 
2.33, The technique so Eq. 3.27 11 be de-
scribed ter 4. 
4. THE NUMERICAL TECHNIQUE 
The equations necessary to perform a discrete numeri-
cal analysis of various plane problems of solid media have 
been presented Chapters 2 and 30 Numerical techniques 
calculation are used to determine the complete his of the 
development of stresses and strains, and the plastic flow 
within a given solid body. 
4.1 s 
Subs tution of Eqs. 2.34 and 2.35 into Eqs. 3.24 and 
3.25 and subsequently into Eq. 3.27 yields linear expressions 
relating the incremental changes in displacements to the in-
cremental changes in elastic and plastic stresses provided it 
is known in advance which stress points are elastic and which 
are plastic. The basic numerical problem is to generate and 
solve a set of linear algebraic equations for each additional 
increment of load (6q). 
The numerical solution procedure shown by the flow 
diagram Fig. 6 and is a variation of the earlier techniques 
of Lopez and Ang. (16) Initially the problem constants are es-
tablished. The coordinates and the boundary values each 
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mass point and two incidence tables are either input as data 
or generated from a set fixed equations. The boundary 
value of a mass point any convenient designator 
which defines a spec mass to be free, loaded, 
e etc. The first incidence table fixes the re of 
each mass 
tab fixes 
to stress point. The second incidence 
stress po 
point. These two interdependent 
a 
ments are 
geome c 
stresses, stra 
as zero and all stress 
to each mass 
gen-
tions 
are con-
sidered to be elas Matrices of geometric constants (a, 
~, ~, and ~y) are estab at each stress which com--
pletes the bas or of so 
procedure. 
The system of mass is ly and 
after each increment of load each stress to 
see whether it has remained elas or s orne p s 
since last increment. A ~q is lied 
Eq. 3.27 is generated at each mass using the constants 
of Eq. 2 34 assoc stress cons is 
elas under ~q or Eq. 2.35 plas 
The equations thus genera are to 
mass boundary va (Sec t. -3 6) are 
solved (Sect. 4.2) yielding the incremental changes u and v 
at each mass from ass incre 
mental changes strains and stresses are 
Eqs. 3.6 and 2.)3. 
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A yield surface correc (Sect. 2.7) is performed 
for each stress the plas region. Therefore, the 
next step is to compute total stresses now existing at 
each stress to adjust total stresses I p 
stress po to . 2. 
new vector total stresses (exis as a re-
suIt current is used to evaluate the state of 
p s system. stress is 
evalua t c Eqs. 2. a or 2.21b 
and s ,newly lded, unload-
• n l.ng, or 11 
Each yielded stress is c against a 
permiss to on I s t value 
newly yie stress has exceeded s toler-
ance and must be classified as 11 II s lies 
that as a consequence increase state 
stress ( ) at such a stress > (see 
Fig. 7). stress was cons to 
elas in its associa 
erating the equa 
cients were 
reduction 
t 
to reduce the va 
it equals k2 . 
the stress point question un 
s correc is shown lica 
ly Fig. 7 geome that figure: 
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SCAlE (4.1) 
where J 2p is value of the second invariant the devia-
toric stress tensor to the application of ~q and J 2 is 
the second the devia stress tensor after ap-
p 6q. procedure repeated every stress 
and the 1 value selected s 
yield state eva is t gives the lowest value 
SCALE or the largest lIovershoot." incremental stresses 
are then reduced by .... 'I.J ................ y the total stresses are recomputed 
and adjusted as 
against the yield 
stress re 
required since 
the actual adjustments are not linear as assumed; 
nevertheless y one correction cycle wi adjust 
states of stress to within the required tolerances. 
Some stress points which were previously plas can 
indicate that they are unloading even 
der constantly increasing static loading. 
caused by the approximate procedures 
niques. Unloading is indic'a ted whenever w of 
or negative. In study a stress po 
system un 
phenomenon is 
. 2.27 is zero 
indicates un-
loading in a particular yield cycle treated as though it 
were elastic for particular cycle Stress ts which 
have indicated unloading have been found to yie for a second 
time under the next increment of load and no further modifica 
tion of the numerical technique has been employed 
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The data thus computed to date is now used to predict 
the next value for 6q which will cause one additional stress 
point to yield. This is done by examining J 2 at a elastic 
stress points and comparing the largest of the J 2 values to 
k2 . A linear interpolation is made so that the new 6q will 
increase the value of the largest J 2 until it equals k
2
. 
Equation 4.1, as shown Fig. 7, can be used to calculate the 
predicted value for the new 6q provided J 2 < k
2 (if J 2 > k
2
, 
Eq. 4.1 predicts the amount that 6q must be reduced to satisfy 
the yield criterion). J 2 now evaluated for the new 6q and 
J 2P for the 6q immediately preceding the evaluation of J 2 . 
One cycle of computation is usually all that is re-
quired. It remains necessary only to update all the stresses 
and displacements (current values become previous values); 
output all desired data; and, provided t the total desired 
load level has not been exceeded, increment the load by the 
newly predicted 6q. The complete cycle described above is re-
peated until the desired load level is reached. 
4.2 Solution of the Equations 
The system of linear algebraic equations described in 
Sect. 3.6 is solved with a modified Gaussian elimination 
scheme which takes advantage the reduced computer storage 
requirements for banded matrices. The generation of the 
stiffness matrix is accomplished such a manner that an up-
per triangular matrix with diagonal elements of -1 is created. 
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The maximum permissible bandwidth to the right of the diagonal 
is specified and all elimination procedures are confined to 
this bandwidth. In this study the maximum number equations 
to be solved is limited to 1000 and the maximum bandwidth to 
500 Only 50,000 computer storage locations are required to 
store the banded matrix as opposed to 1,000,000 locations for 
the matrix. 
The equilibrium equations are formed by summing forces 
in the horizontal and vertical directions at each mass point; 
therefore, two rows of equations are generated for each suc 
cessive mass pointe The coefficient matrices of Eqs. 3.24 and 
3.25 are 2x2 matrices. These two characteristics of the gen-
eration process make it convenient to express the stiffness 
matrix in the form (n,k,i,j) where n the number of the mass 
point (pair of equations), k is the number of the coefficient 
matrix, and i,j is the specific element of k. The relation 
(n,k,i,j) is explained below and the subsequent discussion is 
based on the simplified group equations shown Fig. 8. 
Figure 8 represents a portion of a 2n x 2n s 
ness matrix. In s figure, row matrix i represents the co-
efficients of all the displacement terms (u and v) appearing 
in the displacement equations of equilibrium at mass point i. 
The column matrix i defines the s all row ma-
trices of the horizontal and vertical displacement terms at 
mass point i. 
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Each mass point is associated through stress points 
with only a limited number of mass points and a designator is 
established to identify the value of the highest and lowest 
associated mass points. Mass point i (or row matrix i) of 
Fig. 8 has mass point i-5 (or column matrix i-5) as its lowest 
associated mass point and mass point i+4 as its highest asso-
ciated mass point. However, row ma i-lor i-2 have column 
matrices extending to a value of i+5; therefore, it is neces-
sary to add a null column matrix in position i+5 of row matrix 
i. This procedure is emphasized since only non-zero terms 
within the bandwidth of the particular row matrix under con-
sideration need be generated (generally not the same as the 
maximum permissible bandwidth) and null matrices must be added 
to permit the forward pass of the elimination procedure. 
A part of the elimination procedure is used as the 
equations are being stored prior to the forward passe To il-
lustrate the technique, consider the row matrix i of Fig. 8 
All column matrices (i-5 to i+5) have been generated and to 
the left of the diagonal column matrix i only column matrices 
i-5, i-3, and i-I are non-zero. The row matrices above i have 
already been reduced until non-zero column matrices exist only 
to the right of the negative diagonal identity matrix i by the 
procedure about to be described. As the row matrix is 
generated each non-zero column matrix with a value~i-l is re-
duced to a null matrix by premultiplying each column matrix of 
row matrix i by the inverse of the column matrix under cons 
eration and by backtracking to the row matrix wi the same 
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value as the column matrix under consideration and adding the 
column matrices of the two sets of row matrices together. 
This procedure goes from left to right for each row matrix and 
column matrix i-5 of row matrix i can serve as an example. 
First, all the column matrices of row matrix i are premulti-
plied by the inverse of column matrix i-5; then, backtracking 
to row matrix i-5, all column matrices of the two sets of row 
matrices (i and i-5) are added together. This process is re-
peated for column matrices i and i-I of row matrix i and 
then row matrix i is premultiplied by the negative inverse 
its diagonal column rna i. 
The remainder of the elimination and back-substitution 
process is the same as the standard Gaussian elimination 
procedure. 
4.3 Comments on the Numerical Process 
The stated purpose of this study is to develop a gen-
eralized discrete model plane problems of so media 
which yields a systematic numerical procedure for determining 
the displacements, stresses, and the development of plastic 
yielding in a so medium. This model and the associated nu-
merical procedure have been presented. The adequacy of the 
proposed model is to be examined in Chapter 5 by applying the 
method to a variety notched bar problems. 
Some general comments on the accuracy of the procedure 
(with Cartesian grids) have been made by others. (16,18) If 
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the stiffness matrix can be re-ordered such that either no 
coupling or very weak coupling exists between the sub-matrices 
of the stiffness matrix J then the difference equations wi 
uncouple and two independent sets of linear algebraic equa-
tions will result. When the applied load approaches its lim-
iting value another phenomenon called "plastic separation li 
occurs. With large mesh sizes plastic yielding itself can 
cause the coupling between the equations to be weak. 
The mesh size used in this study is completely arbi-
trary in both spacing and geometric configuration. Extensive 
parameter studies would be required for a careful evaluation of 
the accuracy of the proposed approach involving the generalized 
model described herein. Such studies J however J are beyond the 
present scope of investigation. 
5. NUMERICAL RESULTS 
5.1 Introduction to the Numerical Problems 
Four numerical problems are presented to demonstrate 
the applicability and adequacy of the model and theory devel-
oped in the previous chapters: 
1. A bar with rectangular notches; plane strain. 
2. A bar with rectangular notches; plane stress. 
3. A bar with semi-circular notches; plane stress. 
4. A bar with V-notches; plane stress. 
The notches on these bars are external and symmetrical and all 
bars are loaded uniformly in tension along the exterior edges 
which are parallel to the axis of symmetry of the notches. 
Problems such as these are of considerable industrial inter-
est, especially in connection with the design of mechanical or 
structural elements where high stress concentrations are 
unavoidable. 
The results are presented in non-dimensional form us-
ing the following parameters: 
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q /k 
x 
u Eu/kA 
v Ev/kA 
(5.1) 
In Eq. 5.1, A is the basic unit of measurement of the bar and 
all other terms have been defined previously. Poisson1s ratio 
is taken to be 0.3 for all problems and all calculations con-
sider a unit (A) thickness of the bar. 
The data for each of these problems are selected to 
demonstrate the shape and magnitude of the distribution of 
stresses and the yield regions around the notches where stress 
concentrations are expected. Results are obtained only for 
each fifth increment of load to eliminate massive output of 
data since as many as sixty increments of load occur in these 
problems. Therefore, the curves indicating the highest value 
of loads do not necessarily correspond to the largest load ac-
tually calculated for each problem. It was necessary to ter-
minate some of the computer runs to avoid using an unreasonable 
amount of computer time; the problem described in Sect. 5.3, 
for example, was terminated after 55 load increments totaling 
30 minutes of computer time. 
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5.2 Bar with Rectangular Notches; Plane Strain 
The first problem considered is a bar with external 
rectangular notches and in plane strain. The geometry of one 
quadrant of this bar is shown in Fig. 9. The meshes used to 
study this problem are shown in Figs. 9 and 10 and the inter-
sections of the grids on these figures represent the locations 
of the mass points. The gross mesh of Fig. lOb was selected 
since it is approximately the same grid as that used by Harp-
er(2) who solved this problem using an orthogonal coordinate 
mesh. The mesh of Fig. lOa was selected to study the effect 
of concentrating a large number of mass points (fine mesh) in 
the region of highest stress concentration (steepest stress 
gradient) while maintaining a gross mesh throughout the rest 
of the bar. Figure 9 was selected to provide a relatively 
fine mesh throughout much of the regions of interest during 
the early development of plastic flow. 
Figure 11 presents four stages of the development of 
plastic flow; shown also in this figure are the contours of 
the equivalent shear stress ratio which is defined as T 
eq 
Equivalent Shear Stress Ratio 'T 
eq 
(5.2) 
where the JJ; is the largest shear stres's existing on any 
plane for a specific stress point and thus the equivalent 
shear stress ratio expresses the percentage of the yield 
capacity of the state of stress at a given stress point. 
54 
Clearly, when T = 1.00 the stress point has yielded. Figure 
xy 
lla is obtained from the results using the mesh of Fig. lOa; 
Figs. lIb and llc are determined with the mesh of Fig. 9; and 
Fig. lId is obtained with the mesh of Fig. lOb. The regions 
which have yielded are shaded in Fig. and inspection of 
this figure indicates that the contours for T describe the 
eq 
general directions that the plastic region will develop. The 
data of Fig. 11 agree closely with the results described in 
reference (2). 
Figures 12 and 13, which are computed using the mesh 
of Fig. 9, show the distribution of horizontal stresses (a ) 
x 
on two transverse sections at various distances from the 
y-axis for increasing values of the external load (q). No 
x 
attempt has been made to flfit a curve" through the data 
points; indeed, as will be discussed later, variation from a 
smooth curve is one factor which can be a measure of the ade-
quacy of the mesh size employed. The curves presented in 
Figse 12 and 13 indicate that the stress (ax) varies from be-
ing nearly uniform in the vicinity of the applied load (q ) 
x 
to being quite large in the region where plastic flow has oc-
curred and nearly zero near the outer edge of the notch in the 
vicinity of the notch (the y-axis). 
Figure 14 shows distribution horizontal dis-
placements (u at various distances from the y-axis for in-
creasing values of the applied load (qx). The shapes of the 
curves agree with those presented in ref. (2). The slight os-
cillation observed in the displacements will be discussed 
later. 
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Figure 15 shows the load-deflection curves for the 
mass points i1AII and rIB" indicated in Fig. 9. These curves 
are presented to show how far into the plastic resistance re-
gion a specific point has progressed. This method of repre-
senting the material resistance (see Fig. 3) is not a reliable 
measure of how close the applied load is to the limit load as 
can be seen by inspecting Fig. 15. The curve for mass point 
JIB" implies that q is quite close to the limit load and that 
x 
u will continue to increase rapidly wi ttle increase 
qx. The curve for mass point iTA" implies that the applied 
load can still be increased somewhat before large displace-
ments occur. This apparent discrepancy can be understood by 
inspecting Fig. 11 and noting that mass point !lA" is near the 
center of the bar where a core of elastic resistance existed 
throughout the loading sequencewhile mass point "BIf is at the 
outer edge of the bar which has been beyond the region of 
plastic flow throughout most of the loading. Ewing(13) pre-
dicted that the upper bound for the limit load for this prob-
lem is q = 1.376. The highest load reached in this study is 
x 
q = 1.348 (corresponding to the largest displacement for 
x . 
point B in Fig. 15), which is about 98% of the predicted upper 
bound limit capacity. This indicates that the method of ana 
ysis described herein can be used to predict reliably the 
load-carrying capacity of structural or mechanical elements 
where elastic-plastic flow in regions of high stress concen-
trations are expected. 
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Figures 16, 17, 18, and 19 are included to show repre-
sentative variations of stresses and displacements obtained 
with varying mesh size and configurations. As indicated on 
these figures, the mesh sizes used are shown Figs. 9 and 
10. The factors affecting these variations are discussed in 
Sect. 4.3. The purpose of these figures is to show the effect 
of mesh size on the oscillation of the displacements and 
stresses and, more importantly, to show that these oscilla-
tions do diminish and approach a smoo function as the mesh 
size is decreased. Figures 16 and 17 show the s of 
horizontal stresses (a ) across transverse sections at various 
x 
distances from the y-axis for bo large and small values of 
the applied load. A load of q = 1.295 is the only cornmon 
x 
load level at which output was obtained for the two meshes 
(Figs. 9 and lOb) and the curves at this load show clearly 
that the stress distribution is approaching a smoo curve 
as the mesh size decreases. Figures 18 and 19 show the dis-
tribution of horizontal displacements (u) at transverse sec-
tions from the y-axis for selected values of qx. The oscilla-
tions are slightly more pronounced for the displacements than 
for the stresses. However, these osc lations are signifi-
cantly reduced through the use of a smaller mesh size as veri-
fied in Figs. 18 and 19. The result s the last four figures, 
therefore, indicate that reducing the mesh size does lead to a 
smooth solution. 
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As a by-product of the above study, the stress concen-
tration factor at the load qx when yielding is first observed 
can be obtained directly from the calculations of these prob-
lems. The stress concentration factor is defined as the larg-
est component of stress (a in this study) on the cross-section 
x 
where yielding first occurs divided by the stress that would 
otherwise occur at that cross-section if the total applied 
load were uniformly distributed across that cross-section. 
Figure 20 is a plot of the stress concentration factors ob-
tained from Figs. 9 and 10 versus the inverse of the number 
of divisions that a stress point of the gross mesh (Fig. lOb) 
is segmented to yield the finer meshes. Here, L = A/2 and n 
is the number of divisions. Figure 20 shows that the stress 
concentration factor increases as the concentration of mass 
points increases (or the mesh size decreases) in the region 
where first yielding occurs. A smooth curve can be placed 
through the data points of Fig. 20 yielding a limiting value 
of 2.8 for the stress concentration factor for this problem. 
The technique, therefore, appears to be of some promise also 
as a numerical method for determining stress concentration 
factors. 
5.3 Bar with Rectangular Notches; Plane Stress 
The geometry and mesh used in solving this problem are 
shown in Fig. 9. This problem is identical to that of Sect. 
5.2 except that the bar is now assumed to satisfy the condi-
tions of plane stress. Some comparisons, therefore, can be 
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made between the solutions for plane stress and for plane 
strain. 
Figure 21 shows four stages of the development of 
plastic flow and the corresponding contours of the equiva-
lent shear stress ratios. The plastic region develops, as 
may be expected, directly across the throat of the bar; this 
should be contrasted with the progression of plastic flow from 
the notch in an approximately 45 degree direction from the 
y-axis for the plane strain case (Sect. 5.2). The effect of 
the lateral restraint in the plane strain ca~not only gives 
a higher limit load but also maintains a central core of elas-
tic material throughout the loading process. 
Figures 22 and 23 show the distribution of horizontal 
stresses (a ) across transverse sections at various distances 
x 
from the y-axis for increasing values of applied load. The 
distribution of stress in the area of the applied load is 
nearly unifonn. The distribution in the center portion of the 
quadrant of the bar is much smoother and has a smaller differ-
ence between maximum and minimum values in the case of plane 
stress than for plane strain. This is expected since the 
plastic region is progressing towards this portion of the bar 
in the plane stress case. The cross-section in the vicinity 
of the notch itself shows the greatest contrast. The elastic 
resistance along the y-axis in the plane strain case is clear-
ly indicated in Fig. 13 while the stress along this axis for 
the plane stress case, Fig. 23, increases rapidly until it ex-
ceeds the value of the stress at the notch. 
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Figure 24 shows the distribution of the horizontal 
displacements (u) at various distances from the y-axis for 
increasing load values. The slight oscillations observed in 
the curves can be further reduced by using a smaller mesh. 
Figure 25 shows the load-deflection curves for mass 
points llB,1I lie," and !IDYl of Fig. 9. In contrast to the plane 
strain case, the curves for the mass points near the center of 
the bar have leveled off more than those for the outer edge of 
the bar. As mentioned in Sect. 5.2 these curves do not have 
to be flat to indicate that the limit load has been reached. 
This particular computer run emphasized this point. This run 
was terminated after 30 minutes; however, a partial output for 
the next load increment was available. The next load increment 
caused seven stress points to yield simultaneously and the load 
increment was only five hundredths of one per cent above the 
largest value of q presented here. It seems reasonable then 
x 
to assume that q = 1.016 is close to the limit capacity for 
x 
this problem. 
A stress concentration factor of 2.49 was obtained for 
this problem. This is identical to the value obtained for the 
plane strain case for the corresponding mesh (Fig. 9). Within 
the limitations mentioned in Sect. 5.2, it might reasonably be 
expected that the stress concentration factor would approach a 
limit of approximately 2.8. 
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5.4 Bar with Semi-Circular Notches; Plane Stress 
This problem considers a bar with external semi-
circular notches which sa sfies the condition of plane 
stress. The geometry of one quadrant of this problem and the 
mesh used in solving s problem are shown in Fig. 26. 
Figure 27 shows four stages of the development of 
plastic flow and the corresponding contours of the equiva-
lent shear stress ratio. The plastic region develops across 
the throat of the bar as did also the bar described in Sect. 
5.3. However) the discontinuity of the notch is not as severe 
as that of the rectangular notch; consequently) the stress 
gradient is less steep so that the plastic region distributes 
further along the notch before spreading across the throat. 
The equivalent shear stress ratio contours develop in a manner 
quite similar to those of the rectangular notch. 
Figures 28 and 29 show the distribution of horizontal 
stresses (ax) across transverse sections at various distances 
from the y-axis for increasing values of the applied load. 
Comparison of these figures with the corresponding figures of 
Sect. 5.3 shows that the general shapes of the corresponding 
distributions for the two problems are similar. The fact that 
the stress g.radient is less steep in this problem accounts for 
the smoother distributions (smaller oscillations). 
Figure 30 shows the load-deflection (u) curves for 
four mass points which are defined on Fig. 26. For reasons 
already explained) the curves for mass points !lA" and "Bit in-
dicate that the load at q = 0.963 is quite near the limit 
x 
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load for this problem. This is considerably lower than the 
corresponding limit capacity of q = 1.016 for the bar with 
x 
rectangular notches. The relatively flat stress gradient ex-
isting for this problem is emphasized by the low value for the 
stress concentration factor of 1.62 computed for this problem. 
5.5 ss 
This problem considers a ·bar with external V-notches 
which sa fies c of plane stress. The geometry 
of one quadrant and the mesh used in solving this problem are 
shown Fig. 31. 
Figure 32 shows the development of the plastic flow 
and the corresponding contours of the equivalent shear stress 
ratio. Similar to the two plane stress problems, the plastic 
region develops across the throat of the bar. The results 
presented in s section appear to be between the extreme 
values of the sharp rectangular notch and the smoother semi-
circular notch. In terms of the progression of the plastic 
regions, the behavior of the V-notched bar, however, is closer 
to that of the rectangular notched bar; the limit capacities 
these two bars are also more alike, q = 1.015 and 
x 
qx = 1.016, .respectively. Figures 33 and 34 show the dis-
tribution horizontal stresses (a ) for' increasing values of 
x 
The load-deflection curves for the four mass points 
shown in Fig. 31 are shown in Fige 35. These curves indicate 
62 
that the value q = 1.015 is close to the limit load for this 
x 
problem. The stress concentration factor computed for this 
p rob lem is 2. 45 . 
6. SUMMARY AND CONCLUSIONS 
A generalized discrete model for the systematic formu-
lation of plane problems of so media is presented. A con-
tinuum with an infinite number of degrees of freedom is replaced 
by a discrete system with a finite number of degrees of free-
dom. The generalized model provides a basis for formulating 
problems of inelastic media using non-Cartesian references. 
This plus an associated numerical procedure for determining 
displacements and corresponding states of stress and strain of 
inelastic media form a computer-based procedure for evaluating 
plane problems of solid media with irregular geometry, includ-
ing the presence of cavities or nonuniformities in the medium, 
and complex boundary conditions. 
An algorithm and associated computer program is deve 
oped to permit high-speed processing of the resulting relation-
ships. The model and techniques developed have been applied 
to four notched-bar problems to demonstrate the adequacy and 
applicability of the proposed technique, and to study the de-
velopment of plastic flow in problems containing regions of 
high stress concentrations. 
Analysis of the results of the four numerical problems 
studied in this investigation indicates that the proposed mod-
el and numerical techniques can be applied to a wide range of 
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plane problems of solid media. The results obtained agree 
with existing solutions (where available) and emphasize the 
flexibility in application of the proposed techniques. 
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FIG. 21: PROGRESSION OF YIELDED REGIONS AND CONTOURS OF EQUIVALENT SHEAR 
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